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ABSTRACT
The study of the strange quark stars is an interesting subject as they are a new pos-
sible type of compact object in extreme conditions. Theoretical studies suggest that
the magnetic field inside the compact objects (neutron stars and SQS) may be of the
order of ∼ 1018G. This strong magnetic field can affect the shape, mass, and radius of
the compact objects. In the current work, we study the effect of the strong magnetic
field on the equation of state and the structure of SQS. We show that the maximum
gravitational mass of the SQS increases with increasing the magnetic field. Also,
we find that our model corresponds to the 2 solar mass gravitational mass which is
predicted for PSR J1614-2230 and PSR J0348+0432. It is notable that the maximum
gravitational mass in our model is ∼ 2.5M�, that is comparable with the value that
is predicted by detection of the gravitational wave by LIGO/Virgo collaboration. In
addition, the results show that the star has an oblate shape under the effect of the
strong magnetic field.

Keywords: Strange quark star – compact objects –magnetic field – quark matter –
Landau effect

1 INTRODUCTION

Strange quark stars (SQS) are a possible type of compact object which remains after the
end of the life of supermassive stars. After the first explosion of a massive star if the density
of matter in the core of the star increases to the values above the nuclear saturation density
(∼ 1015) the quarks deconfine and a huge amount of energy (∼ 1054 erg) released, there is
a possibility that this energy leads to the second explosion which is super luminous and is
called Quark-Nova (QN). The object which remains after the QN is a SQS (Ouyed et al.,
2002; Ouyed and Staff, 2013; Nurmamat et al., 2019). Ouyed, Leahy, and Koning studied
CassiopeiaA as an excellent candidate for the QN. They showed that the second explosion
has happened some days after the supernova and leads to a transition from a neutron star to
a quark star (Ouyed et al., 2015).
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Compact object like hybrid stars and SQS contain strange quark matter (SQM) that can
exist in extreme conditions (high density and temperature, and the strong magnetic fields),
therefore the study of these objects has been undertaken by different groups in recent years.
These objects are real laboratories to study fundamental physics in extreme conditions. In
the current work, we study the effect of strong magnetic fields on the properties of the SQS.
Like neutron stars and hybrid stars (the compact objects with a quark core), the SQS may
have strong magnetic fields. If a massive star has a high magnetic field, during the core
collapse of the supernova the magnetic flux is conserved and the compact object is created
with a strong magnetic field. According to the theoretical studies the magnetic field in the
core of compact objects reaches ∼ 1018 G (Lai and Shapiro, 1991; Haensel et al., 1986;
Bocquet et al., 1995; Isayev, 2014).

It is notable that the properties of the star are affected by the strong magnetic field. There
are several studies on the microscopic and macroscopic properties of compact objects in
the presence of the magnetic field. Chatterjee, et al. studied the effect of a strong magnetic
field on the EOS and the structure of a neutron star and they showed that the magnetic field
breaks the spherical symmetry of neutron star(Chatterjee et al., 2015)

In the current paper, we study the effect of a strong magnetic field on the EOS and the
structure of SQS. In the next section, we calculate the EOS of the system consisting of SQM
(up, down, and strange quarks) in the presence of the strong magnetic field. In section 3 we
study the anisotropic energy-momentum tensor of the system and the structure equations
of SQS in a stationary, axisymmetric space-time. In section 4, we report the numerical
results and discuss the magnetic field effects. In last section, we summarize and conclude
our study.

2 THE EQUATION OF STATE OF STRANGE QUARK MATTER IN THE
PRESENCE OF THE STRONG MAGNETIC FIELDS

The system we consider consists of SQM (up, down and strange quarks and an ignorable
fraction of electrons ∼ 10−3). We calculate the EOS of this system by applying the MIT bag
model. The Fermi relations by considering the effect of a strong magnetic field, regarding
the Landau quantization effect (Mukhopadhyay et al., 2017; Landau and Lifshitz, 1977;
Lopes and Menezes, 2015), are given by the following relations.

The single-particle energy density is defined as follows

εi =
[
p2

i c2 + m2
i c4 (1 + 2JBD)

]1/2
, (1)

where pi and mi are the momentum and the mass of quarks (i represents u, d, s), the Landau
levels are denoted by J and the dimensionless magnetic field defined as BD = B/BC (BC =

m2
i c3/qi~, with qi the charge of quark i).
The number density of quarks is obtained as follows

ρ =

Jmax∑
J=0

2qB
h2c

g(J)PF(J), (2)

where Jmax is the maximum Landau level (Jmax = (ε2
Fmax − 1)/2micBD), g(J) and PF(J) are

the degenerecy and Fermi momentum of Jth Landau level. Therefore, the energy density
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of SQM in the presence of the strong magnetic field is defined as

εtot =
∑

i,j

ε
(j)
i + Bbag. (3)

The bag constant is denoted by Bbag and the kinetic energy density by εi ( j = +,− shows
the spin up and apin down particles). The kinetic energy density is defined as follows

ε
(j)
i =

2BD

(2π)2λ3 mic2
Jmax∑
J=0

gJ(1 + 2JBD)η

 X(j)
F

(1 + 2JBD)1/2

 , (4)

where

η(x) =
1
2

[
x
√

1 + x2 + ln
(
x
√

1 + x2
)]

(5)

and

x =
X(j)

F

(1 + 2JBD)1/2 (6)

and

X(j)
F = (ε(j)2

F − 1 − 2JBD)1/2. (7)

To calculate the energy density of SQM in a zero magnetic field, we calculate the value of
number density and energy density when Jmax → ∞.

The bag constant Bbag is defined with a Gaussian relation

Bbag(ρ) = B̄∞ +
(
B̄0 − B̄∞

)
exp

−β (
ρ

ρ0

)2. (8)

In above relation β = ρ0 = 0.17 fm−3, and B̄0 = B̄(ρ0) is equal to 400 MeV/fm3. Also, B̄∞
depends the parameter B̄0 and is obtained by the LOCV method (Heinz and Jacob, 2000).

The pressure of system is given by

P(ρ) = ρ

(
∂εtot

∂ρ

)
− εtot. (9)

The EOS is plotted in Fig. 1 in the presence of magnetic fields 1017 G and 1018 G and
absence of magnetic field (B = 0). We can see the effect of magnetic field on the EOS in
comparison with B = 0. Also, the figure shows that the difference between the curves of
different magnetic fields is not significant.

3 THE STRUCTURE EQUATIONS

In this section, we briefly present the Einstein field equations within 3+1 formalism in a
stationary, axisymmetric space-time (Chatterjee et al., 2015).
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Figure 1. The pressure as a function of the energy density of SQM in the presence and absence of
magnetic field.

The metric is given by

ds2 = −N2dt2 + A2(dr2 + r2dθ2) + λ2r2 sin2(θ)(dφ − Nφdt)2, (10)

where N, A, λ, and Nφ are function of (r, θ). By applying 3+1 formalism we will have a set
of four elliptic partial differential equations

∆3 = 4πA2(ET + S r
r + S θ

θ + S φ
φ) +

λ2r2 sin2(θ)
2N2 δNφδNφ − δνδ(ν + β), (11)

∆2[α + ν] = 8πA2S φ
φ +

3λ2r2 sin2(θ)
4N2 δNφδNφ − δνδν, (12)

∆2[(Nλ − 1)r sin(θ)] = 8πNA2λr sin(θ)
(
S r

r + S θ
θ

)
(13)

and[
∆3 −

1
r2 sin2(θ)

] (
Nφr sin(θ)

)
= −16π

NA2

λ2

Jφ

r sin(θ)
+ r sin(θ)δNφδ(ν − 3β), (14)
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where ν = ln N, α = ln A, β = ln λ, and Jφ is electromagnetic current. In the above
equations, ET , and S i

j are total energy and stress, respectively. The notations ∆2 and ∆3 are
introduced

∆2 =
δ2

δr2 +
1
r
δ

δr
+

1
r2

δ2

δθ2 , (15)

∆2 =
δ2

δr2 +
2
r
δ

δr
+

1
r2

δ2

δθ2 +
1

r2 tan(θ)
δ

δθ
. (16)

The the matter properties affects the structure of star through the energy-momentum
tensor T µν. In the presence of the magnetic field by considering the interaction of the elec-
tromagnetic field with the matter (magnetization), the energy-momentum tensor is given
by

T µν =(ε + P)uµuν + Pgµν +
M
B

[
bµbν − (b.b) (uµuν + gµν)

]
+

1
µ0

[
−bµbν + (b.b)

(
uµuν +

1
2

gµν
)]
, (17)

where the two first terms are the perfect fluid contribution, the third term is the magneti-
zation contribution and the last term is the pure magnetic field contribution to the energy-
momentum tensor. In the Eq. (17), ε is the energy density, P is the pressure of the perfect
fluid, uµ is the fluid 4-vector, gµν is the metric coefficient, B is the magnetic field, and bµ is
the magnetic field 4-vector. In the above relation, M is the scalar quantity which is defined
as follows

M := µ0
mµ

bµ
, (18)

where mµ is magnetization 4-vector. Here the magnetic field points in z-direction and we
considered a non-rotating star. We can rewrite the energy-momentum tensor in the well-
known form

T µ
ν = diag

(
ε +

B2

2µ0
, P − MB +

B2

2µ0
, P − MB +

B2

2µ0
, P −

B2

2µ0

)
. (19)

The energy-momentum tensor Eq. (19) shows that the magnetization term reduces the
total pressure of the star. It is also clear that the magnetic field reduces the parallel pressure
but the perpendicular pressure is increasing by increasing the magnetic field. Consequently,
the star will be deformed in the presence of a strong magnetic field.

In the next section we show the results of solving the equations by applying the LORENE
(Lorene/Codes/Mag eos star) and using the defined EOS in the previous section (Gour-
goulhon et al., 2016).

äy ää äy åå ? o n 6



126 F. Kayanikhoo, C. Providência

4 THE NUMERICAL RESULTS

In this section, we investigate the effect of the magnetic field on the structure of SQS by
varying the current function k0 defined through jφ = Ω jt + (ε + P)k0, where Ω is the stellar
angular velocity. We study the structure of SQS in two cases,

i) The magnetic field just affects the structure of SQS,
ii) The magnetic field affects the structure and the EOS of SQS.
We have found that in our model the current function can reach 30000. In other words,

for k0 > 30000 the SQS is not in a stable configuration.
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Figure 2. The surface magnetic field at the pole Bs as a function of the central magnetic field Bc.

In Fig. 2, we show the surface magnetic field of SQS in the pole Bs as a function of central
magnetic field Bc. It is shown that Bs and Bc increase with increasing the current function.
It is also shown that in the lowest value of k0 the two considered cases cover each other
and when k0 = 30000, the difference between the two considered cases (dash lines and
solid lines ) is non negligible. The figure shows that the maximum central magnetic field
is Bc ∼ 1018 G and that the maximum polar magnetic field at the surface Bs ∼ 4 × 1017 G
occurs at k0 = 30000.

The gravitational mass (Mg/M�) versus the central enthalpy Hc is plotted in the top
panel of Fig. 3. The enthalpy can be translated to the baryonic density nB = (ε + P)eH .
The figure shows that the gravitational mass increases as a function of central enthalpy in
every considered case. The results show that the effect of the magnetic field on the EOS
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has a negligible effect on the gravitational mass of SQS. It is shown that Mg increaces with
increacing k0. The maximum gravitational mass is 2.35 M� at k0 = 0 (k0 = 0 means that
we are solving the TOV equations) and increaces to 2.48 M� at k0 = 30000.

We have found that our model for the compact objects describes 2 M� stars as it is ob-
served for the pulsars PSR J1614-2230 (M = 1.908 ± 0.016 M�) and PSR J0348+0432
(M = 2.01 ± 0.04 M�)(Demorest et al., 2010; Zhao, 2015), see Table 1. In addition, it is
interesting to notice that the maximum gravitational mass corresponding to the maximum
magnetic field in our calculations falls close to the predicted mass of the low mass compact
object, with a mass 2.5 to 2.67 M� at 90% confidence, of the compact binary coalescence
corresponding to the recent gravitational waves GW190814 detected by the LIGO/Virgo
collaboration. It is predicted at (Abbott et al., 2020).

In the bottom panel of Fig. 3, we show the mass-radius relation of SQS, and in Table1 we
give the properties of the maximum mass configurations for different values of k0, as well as
the radius of 1.4 M� and 1.6 M� stars. It is clear that the radius increases with increasing the
gravitational mass, when the gravitational mass reaches a certain value, the radius decreases
and SQS collapses. In this figure, we show the central magnetic field corresponding to the
maximum radius of SQS which increases from 4.60×1017 G to 9.15×1017 G. Forthermore,
one can see the mass-radius relation clearly follows R ∝ Mα where α ∼ 3 which is expected
for SQS.

The radius of the maximum mass configuration increases from radius of SQS is 12.13 km
for k0 = 0 to 13.16 km at k0 = 30000.

Table 1. The gravitational mass and radius of SQS in different current functions. Results for the
maxmium mass configuration and for the 1.4M� and 1.6M� stars are shown.

k0 Bc(1017 G) Mg,max(M�) Rmax (km) R1.4 (km) R1.6 (km)

k0 = 0 2.35 12.13 10.74 11.10

k0 = 15000 5.24 2.38 12.35 10.81 11.35

k0 = 25000 9.02 2.43 12.80 11.13 11.59

k0 = 30000 10.60 2.48 13.16 11.33 11.86

In Table 1 we show the values of the maximum gravitational mass and the corresponding
radius in the third and fourth columns, respectively. We also give the radius of the stars
with gravitation masses of 1.4 M� (R1.4) and 1.6 M� (R1.6). These results show that our
model is compatible with the constraints imposed the GW170817 analysis, in particular,
the following constraints have been obtained 9.9 < R1.4 < 13.85 km (Annala et al., 2018),
8.9 < R1.4 < 13.2 km in (De et al., 2018) and 9.0 < R1.4 < 13.6 km in Tews et al. (2018).

On the other hand, our R1.4M� are within two sigma the predictions obtained from the
NICER observation of the pulsar PSR J0030+0451. Miller and et al have estimated that the
pulsar PSR J0030+0451 has a radius R1.4 = 13.02+1.24

−1.06 km for the gravitational mass M =

1.44+0.15
−0.14 M� within a 68% confidence interval (Miller et al., 2019). A different estimation

äy ää äy åå ? o n 6



128 F. Kayanikhoo, C. Providência

0.1 0.2 0.3 0.4

1.0

1.5

2.0

2.5

 K0=0 (TOV)
 K0=15000
 K0=25000
 K0=30000

Hc (c
2)

M
g / M

su
n

                Magnetic field affects the structure
 -- - - - - -   Magnetic field affects the structure and the EOS  

10 11 12 13 14

1.0

1.5

2.0

2.5 Bc=9.15 1017G

Bc=7.55 1017G

Bc=4.60 1017G

                Magnetic field affects the structure
 -- - - - - -   Magnetic field affects the structure and the EOS  

R (km)

M
g / M

su
n

 K0=0 (TOV)
 K0=15000
 K0=25000
 K0=30000

Figure 3. The gravitational mass as a function of central enthalpy (top) and the gravitational mass as
a function of circumferential radius (bottom) for different values of the parameter k0. In the bottom
panel, we put the central magnetic field at the maximum radius (the critical point of the curve) in the
same color given for each curve.
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determined by Riley et al. (Riley et al., 2019) corresponds to a gravitational mass and
a radius of 1.34+0.15

−0.16 M� and 12.71+1.14
−1.19 km, respectively.

It has also been set a minimum radius of R1.6 ≥ 10.7 for 1.6 M� star from the interpre-
tation that the binary nS merger that gave rise to GW170817 did not result from a prompt
collapse to a black hole (Bauswein et al., 2017, 2019). In our study we have determined
that R1.6 > 10.7 independently of the magnetic field considered. We conclude, therefore,
that our model is also compatible with the constraint set on R1.6 .
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Figure 4. The gravitational mass versus the ratio of the equatorial and polar radius of SQS.

We mentioned in Sec. 3 that the magnetic field affects the shape of SQS as the paral-
lel pressure is reduced and perpendicular pressure is increased according to the energy-
momentum tensor Eq. (19). In Fig. 4, The gravitational mass is plotted as a function of
Req/Rpol. We can see that by solving the TOV equations the SQS is completely in spheri-
cal symmetry, the ratio of equatorial and polar radius increases with increasing the current
function, and at k0 = 30000 this value reaches to 1.25. It is also clear that the effect of the
magnetic field on the EOS does not affect the shape of SQS.

In Fig. 5, the magnetic field lines (top panel) and the enthalpy profile (bottom panel) are
plotted in the plane (x, z). The profiles are plotted for the gravitational mass 2.48M� and
the polar surface magnetic field 4.25 × 1017 G. The bold line in both panels shows the
surface of SQS. The magnetic field profile shows how the strong magnetic field can deviate
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Figure 5. The profile of magnetic field lines (top) and the enthalpy profile (bottom) in meridional
plane (x, z) for the maximum value of magnetic field Bs = 4.25 × 1017 G and gravitational mass
Mg = 2.5 M�.
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the shape of SQS from the spherical symmetry. In the enthalpy profile, the dash lines are
negative enthalpy and the solid lines are positive enthalpy inside the SQS.

5 CONCLUSIONS

In this work, we studied the effect of a strong magnetic field on the microscopic and macro-
scopic properties of SQS. We calculated the EOS of SQM with the Landau quantization
effect. To investigate the structure we assumed the stationary, axisymmetric space-time.
The microscopic properties of matter affect the structure through the energy-momentum
tensor. In the presence of the strong magnetic field, the energy-momentum tensor is in
an anisotropic form. It is shown that the parallel and perpendicular pressures are reduced
by the magnetization. The magnetic field reduces the parallel pressure and increases the
perpendicular pressure.

We have found that the magnetic field in the core of SQS reaches to ∼ 1018 G where
the maximum surface magnetic field at the pole is ∼ 4 × 1017 G. The results show that
the maximum gravitational mass and radius of SQS increase as the magnetic field becomes
stronger and may reach the value 2.48 M� and the radius 13.16 km, respectively, taking
the strongest field considered in the present study. This value of gravitational mass is
comparable with the predicted, by the LIGO/Virgo collaboration, smallest value for the
low mass object associated with the gravitational waves GW190814, in particular, at 90%
confidence this compact object should have a mass between 2.5 M� and 2.67 M�. This
could indicate that this object is a strongly magnetized star. We have also shown that the
radius predictions obtained from our model for magnetized and non-magnetized stars with
a mass 1.4 M� and 1.6 M� is compatible with the values obtained from several different
analysis of the GW170817.

It is also clear that the strong magnetic field affects the shape of the star. The strong
magnetic field breaks down the spherical symmetry of the star. The ratio of equatorial and
polar radius reaches 1.25 in the maximum value of the central magnetic field 1018 G.
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